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The aim of this paper is to explain why the US tax system favors owner housing compared 
to business capital despite the efficiency losses involved. We build a simple dynamic 
general equilibrium model where households vote over the effective capital income tax 
rates for housing and business capital under a government budget constraint. We calibrate 
the model so that it roughly matches the joint distribution of total wealth and housing 
wealth among US households. The median voter turns out to have a large share of his 
wealth in the form of housing. The key trade-off he faces is that a low tax rate on housing 
1) shifts the tax burden to wealthier households but 2) leads to a high tax rate on business 
capital and hence low wages and high interest rates. In our model economy, the first effect 
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Wkh XV wd{ v|vwhp idyruv rzqhu krxvlqj1 Wkh pdlq wd{ dgydqwdjh ri krxvlqj lv wkdw/
xqolnh wkh uhwxuq wr exvlqhvv fdslwdo/ wkh uhwxuq wr rzqhu krxvlqj 0 xvxdoo| uhihuuhg wr dv
wkh lpsxwhg uhqw 0 lv xqwd{hg1 Lq dgglwlrq/ pruwjdjh lqwhuhvw sd|phqwv duh wr d odujh h{whqw
wd{ ghgxfwleoh1   Lw lv e| qrz zhoo xqghuvwrrg wkdw wkh suhihuhqwldo wd{ wuhdwphqw ri krxvlqj
fuhdwhv vxevwdqwldo h!flhqf| orvvhv1 Dw wkh yhu| ohdvw/ lw glvwruwv krxvhkrogv* frqvxpswlrq
ghflvlrq e| dhfwlqj wkh uhodwlyh sulfh ri krxvlqj dqg frqvxpswlrq jrrgv1 Lq d jhqhudo
htxloleulxp iudphzrun/ lw dovr furzgv rxw exvlqhvv fdslwdo1 Ehunryhf dqg Ixoohuwrq +4<<5,/
Khqghuvkrww dqg Zrq +4<<5,/ Srwhued +4<<5,/ Vnlqqhu +4<<9,/ dqg Jhuydlv +5335,/ dprqj
rwkhuv/ kdyh hydoxdwhg txdqwlwdwlyho| wkh hhfwv ri wkh wd{ idyruhg vwdwxv ri krxvlqj lq wkh
XV1  Hvshfldoo| wkh odvw wzr ri wkhvh sdshuv/ hpsor|lqj g|qdplf prghov/ qg wkdw lqfuhdvlqj
wkh hhfwlyh wd{ udwh rq krxvlqj dqg orzhulqj wkh wd{ udwh rq exvlqhvv fdslwdo zrxog |lhog
vxevwdqwldo h!flhqf| jdlqv1
Dq reylrxv txhvwlrq lv wkhq zk| wkh wd{ v|vwhp idyruv krxvlqj ghvslwh wkh h!flhqf|
orvvhv lqyroyhg1 Wkh sxusrvh ri wklv sdshu lv wr dqvzhu wklv txhvwlrq e| dqdo|}lqj wkh wd{
vwdwxv ri krxvlqj iurp d srolwlfdo hfrqrp| shuvshfwlyh1 Zkloh wkhuh lv d odujh olwhudwxuh
rq wkh srolwlfdo hfrqrp| ri fdslwdo lqfrph wd{dwlrq/ wkhuh vhhpv wr eh qr suhylrxv dqdo|vlv
irfxvlqj rq wkh glhuhqw wd{ wuhdwphqw ri krxvlqj dqg exvlqhvv fdslwdo1 Jlyhq wkdw wkh vwrfn
ri krxvlqj fdslwdo lv yhu| odujh/ frpsdudeoh lq vl}h zlwk wkh vwrfn ri exvlqhvv fdslwdo/ wklv
vhhpv dq lpsruwdqw jds lq wkh h{lvwlqj srolwlfdo hfrqrp| olwhudwxuh rq wd{dwlrq1
Wkh vwduwlqj srlqw ri rxu dqdo|vlv lv wkh revhuydwlrq wkdw zkloh krxvlqj zhdowk pdnhv
xs derxw kdoi ri doo krxvhkrog zhdowk lq wkh XV/ lw lv pxfk pruh hyhqo| glvwulexwhg wkdq
qrq0krxvlqj zhdowk1 Lq frqvhtxhqfh/ prvw krxvhkrogv kdyh prvw ri wkhlu zhdowk lq wkh irup
ri krxvlqj dqg d orz wd{ udwh rq krxvlqj zhdowk vkliwv wkh wd{ exughq wrzdugv wkh yhu|
zhdowklhvw krxvhkrogv rzqlqj prvw ri wkh qrq0krxvlqj zhdowk1 E| xvlqj d g|qdplf jhqhudo
htxloleulxp prgho zlwk zhdowk dqg oderu lqfrph khwhurjhqhlw| zh duh deoh wr dvvhvv zkhwkhu
vxfk d glvwulexwlrqdo hhfw pd| grplqdwh h!flhqf| dujxphqwv1
Zh frqvlghu d vlwxdwlrq zkhuh wkhuh duh wzr dvvhwv dydlodeoh iru wkh krxvhkrogv= krxvlqj
dqg d qdqfldo dvvhw1 Zh uvw dvvxph wkdw wkhuh lv rqo| rzqhu krxvlqj/ wkdw lv/ wkh pdunhw iru
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uhqwdo krxvlqj lv forvhg1 Wklv doorzv xv wr irfxv rq wkh glvwulexwlrqdo hhfw zh duh lqwhuhvwhg
lq1 Zh iudph wkh srolwlfdo sureohp dv rqh ri fkrrvlqj wkh wd{ udwhv rq krxvlqj dqg rq
wkh qdqfldo dvvhw xqghu d edodqfhg exgjhw frqvwudlqw1 Vlqfh wkh djjuhjdwh dprxqw ri wkh
qdqfldo dvvhw fruuhvsrqgv wr wkh djjuhjdwh vwrfn ri exvlqhvv fdslwdo/ wkh wd{ udwh rq wkh
qdqfldo dvvhwv lv dovr wkh hhfwlyh wd{ udwh rq wkh uhwxuq wr exvlqhvv fdslwdo1
Zh fdoleudwh wkh prgho vr dv wr pdwfk wkh mrlqw glvwulexwlrq ri wrwdo zhdowk dqg oderu
lqfrph dv zhoo dv fhuwdlq djjuhjdwh udwlrv lq wkh XV gdwd1 Wkh hqgrjhqrxvo| ghwhuplqhg
glvwulexwlrq ri krxvlqj dovr urxjko| pdwfkhv wkh gdwd1 Lq sduwlfxodu/ krxvlqj zhdowk lv pxfk
pruh hyhqo| glvwulexwhg wkdq wrwdo zhdowk1 Zh qg wkdw wkh phgldq yrwhu fkrrvhv wr wd{
krxvlqj fdslwdo dw d pxfk orzhu udwh wkdq exvlqhvv fdslwdo hyhq wkrxjk wklv lpsolhv d vpdoo
exvlqhvv fdslwdo vwrfn dqg khqfh d orz zdjh udwh dqg d kljk lqwhuhvw udwh1 Wklv uhvxow lv forvho|
olqnhg wr glvwulexwlrqdo lvvxhv1 Lq wkh devhqfh ri zhdowk dqg oderu lqfrph khwhurjhqhlw|/ wkh
htxloleulxp wd{ udwh rq krxvlqj zrxog eh pxfk kljkhu/ uh hfwlqj wkh xvxdo h!flhqf| frvw ri
wd{lqj exvlqhvv fdslwdo lq d g|qdplf hfrqrp|1
Derxw rqh wklug ri XV krxvhkrogv uhqw wkhlu krxvlqj dqg duh olnho| wr kdyh yhu| glhuhqw
srolf| suhihuhqfhv wkdq krphrzqhuv1 Wkhuhiruh/ zh uhfrqvlghu rxu uhvxowv lq d vhwwlqj zkhuh
d iudfwlrq ri wkh krxvhkrogv duh uhqwhuv1 Lq wklv fdvh/ zh dvvxph wkdw wkh uhwxuq wr uhqwdo
krxvlqj lv wd{hg dw wkh vdph udwh dv wkh uhwxuq wr exvlqhvv fdslwdo1 Wkh htxloleulxp wd{
vwuxfwxuh grhv qrw fkdqjh vxevwdqwldoo| zlwk wkh lqwurgxfwlrq ri uhqwhuv1 Dowkrxjk wkh phgldq
yrwhu lv qrz ulfkhu lq whupv ri wrwdo zhdowk dqg kdv d vpdoohu vkduh ri klv zhdowk lq wkh irup
ri krxvlqj/ kh vwloo yrwhv iru d yhu| orz wd{ udwh rq krxvlqj1 D orz wd{ udwh rq krxvlqj
vkliwv wkh wd{ exughq wrzdugv uhqwhuv dv zhoo dv wkh ulfkhvw krxvhkrogv rzqlqj prvw ri wkh
qrq0krxvlqj zhdowk1
Zh surfhhg dv iroorzv1 Lq wkh qh{w vhfwlrq/ zh suhvhqw gdwd rq wkh glvwulexwlrq ri krxvlqj
zhdowk dqg qrq0krxvlqj zhdowk1 Lq vhfwlrq 6/ zh ghvfuleh wkh prgho1 Zh glvfxvv fdoleudwlrq
lq vhfwlrq 71 Wkh uhvxowv duh suhvhqwhg lq vhfwlrq 81 Lq vhfwlrq 9 zh lqwurgxfh uhqwhuv1 Zh
frqfoxgh lq vhfwlrq :1
5 Wkh glvwulexwlrq ri qrq0krxvlqj zhdowk dqg krxvlqj
zhdowk
Lq wklv vhfwlrq/ zh eulh | orrn dw wkh glvwulexwlrq ri krxvlqj zhdowk dqg wrwdo zhdowk1 Zh
xvh idplo| gdwd iurp wkh 5334 zdyh ri wkh Sdqho Vwxg| ri Lqfrph G|qdplfv +SVLG,1 Zh
zloo xvh wkuhh yduldeohv1 Lq SVLG/ krxvhkrogv duh dvnhg wr uhsruw wkhlu hvwlpdwh derxw wkh
pdunhw ydoxh ri wkhlu krxvh/ wklv lv zkdw zh fdoo krxvlqj zhdowk1 Wkh rwkhu zhdowk yduldeoh
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zh xvh lv cwrwdo zhdowk*1 Lwv pdlq frpsrqhqwv duh w|slfdoo| vwrfnv/ pruwjdjhv/ edqn ghsrvlwv/
dv zhoo dv rzqhu krxvlqj1 Zkhq fdoleudwlqj rxu prgho/ zh dovr qhhg lqirupdwlrq derxw
krxvhkrog*v oderu lqfrph/ zklfk zh ghqh dv wkh vxp ri oderu lqfrph ri wkh krxvhkrog
ckhdg* dqg czlih* wrjhwkhu zlwk sulydwh shqvlrq lqfrph1 Wkh gdwd frqwdlq :739 krxvhkrogv1
Krzhyhu/ zh h{foxgh d qxpehu ri krxvhkrogv iurp wkh vdpsoh1 Iluvw ri doo/ zh h{foxgh doo
krxvhkrogv zkr gr qrw hlwkhu rzq ru uhqw wkhlu krph1 Vhfrqg/ zh h{foxgh krxvhkrogv zlwk
lqirupdwlrq plvvlqj derxw dq| ri wkh deryh phqwlrqhg yduldeohv1 Lq dgglwlrq/ zh qhhg wr
h{foxgh d vpdoo qxpehu ri krxvhkrogv zklfk kdyh qhjdwlyh wrwdo zhdowk wrjhwkhu zlwk d yhu|
orz oderu lqfrph/ vlqfh wkh| frxog qrw drug srvlwlyh frqvxpswlrq lq wkh prgho1  Diwhu wklv
surfhgxuh/ zh duh ohiw zlwk 99<4 krxvhkrogv1
Iljxuh 4 suhvhqwv wkh fxpxodwlyh kroglqjv ri wrwdo zhdowk dqg krxvlqj zhdowk ri wkh 99<4
krxvhkrogv1 Iljxuh 5 lq wxuq glvsod|v wkh wrwdo zhdowk dqg krxvlqj zhdowk glvwulexwlrq iru
rqo| plggoh0djhg krphrzqhuv1 Lq vhfwlrqv 7 dqg 8 zh zloo irfxv rq wklv vxevdpsoh1
Iljxuh 4= Glvwulexwlrq ri wrwdo zhdowk dqg krxvlqj zhdowk/ doo krxvhkrogv1
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Iljxuh 5= Glvwulexwlrq ri wrwdo zhdowk dqg krxvlqj zhdowk/ plggoh0djhg krphrzqhuv1
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housing wealth
Derxw 63( ri wkh krxvhkrogv duh uhqwhuv1 Wklv vkrzv xs dv d  dw sduw lq wkh fxpxodwlyh
glvwulexwlrq ri krxvlqj zhdowk lq wkh uvw jxuh1 Lw lv fohdu/ krzhyhu/ wkdw lq erwk fdvhv
krxvlqj zhdowk lv pxfk pruh hyhqo| glvwulexwhg wkdq wrwdo zhdowk1 Vlqfh wkh djjuhjdwh ydoxh
ri wkh krxvlqj vwrfn lv derxw rqh kdoi ri wkh djjuhjdwh wrwdo zhdowk/ wkhvh jxuhv dovr lpso|
wkdw prvw krxvhkrogv kdyh prvw ri wkhlu zhdowk lq wkh irup ri krxvlqj1 : Wkh pdlq sxusrvh
ri rxu wkhruhwlfdo dqdo|vlv lv wr vwxg| krz wklv lv uh hfwhg lq wkh srolwlfdoo| ghwhuplqhg wd{
vwdwxv ri krxvlqj1
6 Wkh prgho
Zh frqvlghu d khwhurjhqrxv djhqw yhuvlrq ri wkh ghwhuplqlvwlf qhrfodvvlfdo jurzwk prgho
zkhuh wkh djjuhjdwh fdslwdo vwrfn lv glvdjjuhjdwhg lqwr exvlqhvv fdslwdo dqg krxvlqj fdslwdo1
Wkh wd{ frgh lq wkh prgho glhuhqwldwhv ehwzhhq wkh lqwhuhvw lqfrph iurp exvlqhvv fdslwdo
dqg wkh lpsxwhg uhqw iurp krxvlqj fdslwdo1 Dq lpsruwdqw ihdwxuh ri wkh prgho lv wkdw lw
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doorzv dq| uhodwlyh vwhdg| vwdwh glvwulexwlrq ri wrwdo zhdowk1 Ixuwkhupruh/ dq| vwhdg| vwdwh
glvwulexwlrq ri wrwdo zhdowk lv frpsdwleoh zlwk dq| oderu lqfrph glvwulexwlrq/ dv orqj dv
krxvhkrogv fdq drug srvlwlyh ohyhov ri frqvxpswlrq dqg krxvlqj1 v
Lq wklv vhfwlrq/ zh uvw suhvhqw wkh prgho hfrqrp| zlwk jlyhq wd{ udwhv dqg wkhq glvfxvv
wkh yrwlqj surfhvv dqg wkh srolwlfr0hfrqrplf htxloleulxp1
614 Wkh qhrfodvvlfdo jurzwk prgho zlwk krxvlqj
Wlph lv glvfuhwh dqg jrhv rq iruhyhu1 Wkhuh duh L w|shv ri lqqlwho| olyhg krxvhkrogv zlwk
glhuhqw dprxqwv ri wrwdo zhdowk dqg glhuhqw oderu surgxfwlylwlhv1 Wkhuh lv d frqwlqxxp ri
krxvhkrogv ri hdfk w|sh1 Zh xvh p w A f wr ghqrwh wkh pdvv ri krxvhkrogv ri w|sh l= Wkh
wrwdo pdvv ri krxvhkrogv lv qrupdol}hg wr rqh1
Hdfk krxvhkrog ghulyhv xwlolw| iurp frqvxpswlrq ri d frpsrvlwh frqvxpswlrq jrrg/ f/
dqg krxvlqj/ k1 Lq dgglwlrq wr krxvlqj/ krxvhkrogv fdq vdyh +ru eruurz, xvlqj d qdqfldo
dvvhw/ d=
Wkhuh lv dovr d jryhuqphqw1 Hdfk shulrg/ lw qhhgv wr qdqfh dq dprxqw J ri sxeolf
frqvxpswlrq dqg dq dprxqw W u ri wudqvihuv wkdw lw sd|v wr wkh krxvhkrogv1 Wkh wudqvihuv
duh htxdo wr doo krxvhkrogv dqg wkh| duh sdlg lq d oxps0vxp idvklrq1 Wkh jryhuqphqw kdv
wkuhh wd{ lqvwuxphqwv dw lwv glvsrvdo/ d fdslwdo lqfrph wd{/  x / d wd{ rq krxvlqj +l1h1 rq wkh
lpsxwhg uhqw,/  y > dqg oderu lqfrph wd{/  z = Lw idfhv d edodqfhg exgjhw frqvwudlqw zklfk zh
vshfli| ehorz1 {
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krxvlqj vkduh sdudphwhu/  5 Ef>  wkh glvfrxqw idfwru/ dqg % A f oderu surgxfwlylw|1 Wkh
lqwhuhvw udwh lv u dqg wkh lpsxwhg uhqw iurp krxvlqj lv u   1 Wkh ghsuhfldwlrq udwh ri krxvlqj
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Wkh lpsxwhg uhqw lv ghqhg dv wkh pdunhw ydoxh ri krxvlqj vhuylfhv qhw ri ghsuhfldwlrq1
Hyhq wkrxjk wkhuh lv qr uhqwdo krxvlqj/ lw lv hdv| wr vhh zkdw wkh uhqwdo udwh zrxog eh1 Lq wkh
devhqfh ri xqfhuwdlqw|/ wkh uhwxuq wr uhqwdo krxvlqj pxvw htxdo wkh uhwxuq wr wkh qdqfldo
dvvhw1 Wkh uhqwdo udwh ri krxvlqj zrxog wkxv eh htxdo wr u í n î = Wkh lpsxwhg uhqw lv wkhuhiruh
vlpso| u ï ð
í
' u í =
Wkh kroglqjv ri wkh qdqfldo dvvhw fdq eh qhjdwlyh1 Lq wkdw fdvh zh frxog wklqn ri
wkhp dv pruwjdjhv1 Qrwh dovr wkdw zh dvvxph wkdw lqwhuhvw sd|phqwv rq ordqv +d ? f, duh
wd{ ghgxfwleoh1 Zh gr wklv ehfdxvh lq wkh gdwd prvw ri krxvhkrog eruurzlqj fruuhvsrqgv
wr pruwjdjhv dqg pruwjdjh lqwhuhvw sd|phqwv duh lqghhg odujho| wd{ ghgxfwleoh zlwklq wkh
fxuuhqw XV wd{ v|vwhp1
Wkh vxsso| vlgh ri wkh hfrqrp| frqvlvwv ri dq djjuhjdwh surgxfwlrq ixqfwlrq zklfk frp0
elqhv exvlqhvv fdslwdo dqg oderu wr surgxfh rxwsxw jrrgv1 Wkh rxwsxw jrrgv fdq eh frvwohvvo|
wudqviruphg lqwr exvlqhvv fdslwdo/ frqvxpswlrq jrrgv/ dqg krxvlqj1 Wkh surgxfwlrq ixqf0
wlrq lv ri wkh xvxdo Free0Grxjodv irup1 Wkh oderu surgxfwlylw| sdudphwhuv duh qrupdol}hg
vr wkdw djjuhjdwh hhfwlyh oderu lv rqh +l1h1 Sp ñ % ñ ' ,1 Wkh djjuhjdwh vwrfnv ri exvlqhvv
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+6,
dqg wkh uhvrxufh frqvwudlqw lv
F þ nN þ  E   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 5 Ef>  ghqrwhv wkh ghsuhfldwlrq udwh ri exvlqhvv fdslwdo dqg  5 Ef>  wkh fdslwdo
vkduh lq wkh surgxfwlrq ixqfwlrq1
Wkh lqwhuhvw udwh dqg wkh zdjh udwh duh jlyhq e|
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Ilqdoo|/ wkh exgjhw frqvwudlqw ri wkh jryhuqphqw lv
  z  n     u  D    n     u  K     W ' Jn Wu1 +:,
Zh doorz wkh wd{ udwhv rq exvlqhvv fdslwdo dqg krxvlqj wr eh qhjdwlyh dv orqj dv wkh jryhuq0
phqw exgjhw frqvwudlqw lv vdwlvhg1
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615 Srolwlfv
Wkh phfkdqlvp ri froohfwlyh ghflvlrq pdnlqj zh frqvlghu lv gluhfw yrwlqj1 Dw shulrg w krxvh0
krogv yrwh ryhu wkh wd{ udwh rq krxvlqj iru wkh iroorzlqj shulrg/       1 Wkh wd{ udwh rq
exvlqhvv fdslwdo/       / lv ghwhuplqhg dv d uhvlgxdo iurp wkh jryhuqphqw*v exgjhw frqvwudlqw1
Wkh wd{ udwh rq oderu lqfrph lv dvvxphg wr eh frqvwdqw1 Zh dvvxph wkdw krxvhkrogv wdnh
ixwxuh krxvlqj wd{ udwhv dv jlyhq1 Lq rwkhu zrugv/ zkhq wkh krxvhkrogv frqvlghu glhuhqw wd{
udwhv rq krxvlqj/ wkh| gr qrw wdnh lqwr dffrxqw krz wklv shulrg*v yrwlqj rxwfrph dhfwv wkh
yrwlqj rxwfrph lq wkh iroorzlqj shulrg wkurxjk lwv hhfw rq wkh zhdowk glvwulexwlrq1 Wklv
dvvxpswlrq lv vrphwlphv uhihuuhg wr dv csrolwlfdo p|rsld*1 Krxvhkrogv gr/ krzhyhu/ wdnh lqwr
dffrxqw krz wkh fkrlfh ri  ﬀ dhfwv   dqg idfwru uhwxuqv lq wkh ixwxuh shulrgv jlyhq {hg
 ﬀ 1 Zh orrn iru d vwhdg| vwdwh htxloleulxp zkhuh erwk wd{ udwhv duh frqvwdqw ryhu wlph1
Rxu htxloleulxp frqfhsw glhuv iurp wkh uhfxuvlyh srolwlfdo htxloleulxp zlwk ixoo| iruzdug
orrnlqj djhqwv suhvhqwhg lq Nuxvhoo hw do1 +4<<:,1 Wkh uhdvrq iru dgrswlqj wkh vlpsohu
dssurdfk lv wkdw lw uhvxowv lq gudpdwlfdoo| orzhu frpsxwdwlrqdo frvw zklfk lq wxuq doorzv xv
wr kdyh d uhodwlyho| odujh qxpehu ri glhuhqw krxvhkrog w|shv1 Kdylqj pdq| krxvhkrog w|shv
lv lpsruwdqw khuh1 Lq wkh uvw prgho zh fdoleudwh/ wkhuh duh wzr h{rjhqrxv glvwulexwlrqdo
ihdwxuhv/ wkh vwhdg| vwdwh zhdowk glvwulexwlrq dqg wkh oderu lqfrph glvwulexwlrq1 Lq wkh
h{whqvlrq/ zh lqwurgxfh d wklug glphqvlrq/ qdpho| uhqwhuv yv1 krphrzqhuv1 Zlwk d vpdoo
qxpehu ri glhuhqw krxvhkrog w|shv/ zh zrxog kdyh wr vruw wkh krxvhkrogv lq wkh gdwd dorqj
d vlqjoh glphqvlrq1 Wkh sureohp zlwk wklv dssurdfk lv wkdw wkh uhvxowlqj htxloleulxp wd{
udwh lv wkhq olnho| wr ghshqg rq wkh vruwlqj fulwhuld1 Zlwk wkh vlpsohu htxloleulxp frqfhsw
zh xvh/ zh fdq kdyh d vx!flhqwo| odujh ghjuhh ri khwhurjhqhlw| lq wkh prgho1 Wkdw lv/ zh fdq
glylgh wkh krxvhkrogv lq wkh gdwd dffruglqj wr doo wkh h{rjhqrxv glvwulexwlrqdo glphqvlrqv
ri wkh prgho dqg xvh wkh uhvxowlqj jurxsv dv d edvlv iru rxu fdoleudwlrq1 Lq wkh ehqfkpdun
fdvh/ zh vruw krphrzqhuv lqwr 58 jurxsv dffruglqj wr wkhlu oderu lqfrph dqg wrwdo zhdowk1
Lq vroylqj iru wkh srolwlfdo htxloleulxp/ zh qhhg wr fkhfn wkdw wkh srolf| suhihuhqfhv ri wkh
krxvhkrogv duh vxfk wkdw wkh phgldq yrwhu wkhruhp dssolhv1 D vx!flhqw frqglwlrq iru wklv lv
wkdw wkh suhihuhqfhv duh vlqjoh0shdnhg1 Zlwk vlqjoh0shdnhg suhihuhqfhv/ wkh htxloleulxp wd{
udwh ghwhuplqhg e| gluhfw yrwlqj ri wkh krxvhkrogv frlqflghv zlwk wkh phgldq wd{ udwh lq wkh
glvwulexwlrq ri wkh prvw suhihuuhg wd{ udwhv ri wkh krxvhkrogv1 Lq doo wkh fdvhv wkdw zh orrnhg
dw/ wkh srolf| suhihuhqfhv zhuh lqghhg vlqjoh0shdnhg1
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D srolwlfr0hfrqrplf vwhdg| vwdwh htxloleulxp ri wklv hfrqrp| frqvlvwv ri djjuhjdwhv iN>Kj/
krxvhkrog srolflhv id ﬁ > k ﬁ > f ﬁ j ﬂﬁ ﬃ  > sulfhv iu>zj/ dqg wd{ udwhv i  >  ! j vxfk wkdw=
:
4, Sulfhv vdwlvi| +8, dqg +9,1
5, Krxvhkrog srolflhv id " > k " > f " j vroyh krxvhkrog*v sureohp lq +4,0+5, +wrjhwkhu zlwk d
wudqvyhuvdolw| frqvwudlqw,1
6, Pdunhwv fohdu= [p # d # ' N[p # k # ' K[p # f # ' F
F n  $ N n  % K nJ ' N &
7, Jryhuqphqw exgjhw frqvwudlqw +:, lv vdwlvhg1
8,  % zlqv dq| rwkhu ihdvleoh wd{ udwh  ' ( lq d sdluzlvh yrwlqj zlwk pdmrulw| uxoh1
617 Vroylqj iru wkh vwhdg| vwdwh htxloleulxp
Zh qg wkh srolwlfr0hfrqrplf vwhdg| vwdwh htxloleulxp lq wkh iroorzlqj zd|1 Zh uvw jxhvv
wkh htxloleulxp krxvlqj wd{ udwh1 Xvlqj wkh vwhdg| vwdwh frqglwlrqv/ zh fdq wkhq qg wkh
htxloleulxp wd{ udwh rq exvlqhvv fdslwdo dqg wkh vwhdg| vwdwh krxvlqj glvwulexwlrq1 Vwduwlqj
iurp wklv glvwulexwlrq ri exvlqhvv dqg krxvlqj fdslwdo/ zh frqvlghu rwkhu wd{ udwhv rq krxvlqj
iru wkh iroorzlqj shulrg1 Lq sudfwlfh zh frqvlghu wd{ udwhv rq d glvfuhwh julg zlwk d vwhs
vl}h ri 31341 Hdfk wd{ udwh rq krxvlqj lq wkh iroorzlqj shulrg lv dvvrfldwhg zlwk fhuwdlq
wudqvlwlrqdo g|qdplfv +lqfoxglqj ydu|lqj exvlqhvv fdslwdo wd{ udwhv zklfk duh ghwhuplqhg
e| wkh jryhuqphqw exgjhw frqvwudlqw, lpso|lqj d fhuwdlq glvfrxqwhg vxp ri ixwxuh shulrglf
xwlolwlhv wr hdfk krxvhkrog w|sh1 Wkxv/ iru hdfk srvvleoh wd{ udwh/ zh qhhg wr vroyh iru wkh
fruuhvsrqglqj wudqvlwlrqdo g|qdplfv1 Jlyhq wkh vwuxfwxuh ri wkh prgho/ wklv lv hdvlo| grqh
e| vroylqj d v|vwhp ri qrq0olqhdu htxdwlrqv wkdw frqvlvwv ri wkh uvw0rughu frqglwlrqv/ wkh
jryhuqphqw exgjhw frqvwudlqw/ dqg wkh djjuhjdwh uhvrxufh frqvwudlqw iru hdfk shulrg gxulqj
wkh wudqvlwlrq1 Rqfh zh kdyh fdofxodwhg wkh xwlolw| dvvrfldwhg zlwk hdfk krxvlqj wd{ udwh iru
hdfk krxvhkrog w|sh/ zh fdq qg wkh prvw suhihuuhg wd{ udwhv ri wkh glhuhqw krxvhkrogv1 Li
dq| ihdvleoh wd{ udwh zlqv wkh fxuuhqw wd{ udwh +rxu jxhvv iru wkh vwhdg| vwdwh wd{ udwh, lq wkh
yrwlqj/ zh frqfoxgh wkdw rxu jxhvv iru wkh vwhdg| vwdwh krxvlqj wd{ udwh zdv zurqj1 Zh wkhq
dgmxvw rxu jxhvv xqwlo zh qg d wd{ udwh wkdw zlqv doo rwkhu wd{ udwhv lq d sdluzlvh yrwlqj1
7 Fdoleudwlrq
Lq wklv vhfwlrq/ zh ghvfuleh rxu ehqfkpdun fdoleudwlrq1 Zh uvw { doo wd{ udwhv dw hpslul0
fdoo| sodxvleoh ohyhov dqg wkhq fdoleudwh rwkhu sdudphwhuv vr wkdw/ jlyhq wkrvh wd{ udwhv/ wkh
;
prgho uhsolfdwhv wkh hpslulfdo glvwulexwlrqv ri wrwdo zhdowk dqg oderu lqfrph dv zhoo dv fhu0
wdlq djjuhjdwh udwlrv1 Zkhq frqvlghulqj wkh srolwlfdoo| ghwhuplqhg wd{ udwhv/ zh nhhs rwkhu
sdudphwhuv frqvwdqw1
Zh frqvlghu rqo| krphrzqhuv ehwzhhq 68 dqg 88 |hduv ri djh +wkh djh ri wkh krxvhkrog
khdg,1 Zh irfxv rq plggoh0djhg krxvhkrogv ehfdxvh rxu prgho devwudfwv iurp olih f|foh
ihdwxuhv1 Wkh uhvxowlqj krxvlqj glvwulexwlrq pdwfkhv wkh gdwd pxfk ehwwhu zkhq zh h{foxgh
yhu| |rxqj dqg yhu| rog krxvhkrogv iurp wkh vdpsoh1 Zlwk rqo| plggoh0djhg krphrzqhuv
wkhuh duh 56;3 krxvhkrogv lq rxu vdpsoh1
Zh frqvlghu 58 glhuhqw w|shv ri krxvhkrogv zkr glhu lq whupv ri wkhlu oderu lqfrph dqg
vwhdg| vwdwh wrwdo zhdowk1 Zh uvw ghwhuplqh iru hdfk krxvhkrog lq wkh gdwd wkh wrwdo zhdowk
txlqwloh dqg wkh oderu lqfrph txlqwloh lw ehorqjv wr1 Wklv fuhdwhv wkh 58 jurxsv ri krxvhkrogv1
Wdeoh 4 ehorz vkrzv wkh vkduh ri krxvhkrogv lq hdfk jurxs1 Qrwh wkdw wkh jurxsv duh ri yhu|
glhuhqw vl}h1 ) Wkh vpdoohvw jurxsv frqvlvw ri yhu| zhdowk| krxvhkrogv zlwk prghvw oderu
lqfrph dqg srru krxvhkrogv zlwk kljk oderu lqfrph1
Wdeoh 4= Srsxodwlrq vkduhv +(,1
Oderu lqfrph txlqwloh
Zhdowk txlqwloh 4 5 6 7 8
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Iru hdfk ri wkhvh 58 jurxsv/ zh frpsxwh wkh dyhudjh wrwdo zhdowk dqg wkh dyhudjh oderu
lqfrph1 Zh wkhq glylgh wkh dyhudjh wrwdo zhdowk lq hdfk jurxs e| wkh dyhudjh wrwdo zhdowk
lq wkh zkroh vdpsoh dqg vlploduo| iru wkh oderu lqfrph1 Wdeoh 5 vkrzv wkh uhvxowlqj wrwdo
zhdowk dqg oderu lqfrph glvwulexwlrqv1 Iru lqvwdqfh/ 3139 lq wkh uvw urz ri wkh uvw froxpq
ri wkh wdeoh phdqv wkdw wkh dyhudjh wrwdo zhdowk ri krxvhkrogv ehorqjlqj wr wkh uvw zhdowk
txlqwloh dqg wkh uvw oderu lqfrph txlqwloh lv 9( ri wkh dyhudjh wrwdo zhdowk lq wkh zkroh
vdpsoh1
Wkh ohiw0kdqg sduw ri wkh wdeoh vkrzv wkdw/ lq hdfk zhdowk txlqwloh/ wkh glvwulexwlrq ri
zhdowk lv txlwh htxdo dfurvv glhuhqw oderu lqfrph txlqwlohv1 Wkh zhdowklhvw txlqwloh pdnhv
I J K L M N O P Q R S T U O S T L S U V Q Q W L X Y Q W V Z X W T [ V W \ M O ] N S T Z S V Q P X M N V [ X W ^ Q _ ` a b c d e f d b d g h i g j j k l b m f n f o p j q r s f
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d e f i p d e f { u q r d q h f j f r w u | v f q r x b c j h q x e d h y w q z f o f r d j q } ~  
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dq h{fhswlrq wkrxjk1 Lq wkdw jurxs/ glhuhqfhv lq zhdowk duh vxevwdqwldo dfurvv oderu lqfrph
jurxsv= wkh dyhudjh zhdowk lq wkh iwk oderu lqfrph txlqwloh lv wzlfh wkh dyhudjh zhdowk lq
wkh irxuwk lqfrph txlqwloh1 Wkh uljkw0kdqg sduw ri wkh wdeoh vkrzv d vlplodu sdwwhuq1 Iru
wkh plggoh lqfrph jurxsv/ wkh dyhudjh lqfrph grhv qrw ydu| pxfk zkhq wkh zhdowk txlqwloh
fkdqjhv1 Doo lq doo/ oderu lqfrph lv pxfk pruh hyhqo| glvwulexwhg wkdq wrwdo zhdowk1
Wdeoh 5= Glvwulexwlrq ri wrwdo zhdowk dqg oderu lqfrph1
Wrwdo zhdowk Oderu lqfrph
Oderu lqfrph txlqwloh
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Lq fdoleudwlqj wkh prgho/ zh pdwfk wkh glvwulexwlrqv ri wrwdo zhdowk dqg oderu lqfrph
suhvhqwhg lq wdeoh 51 Dv glvfxvvhg deryh/ zh pdwfk wkhp shuihfwo|1 Lq frqwudvw/ wkh prgho
grhv qrw kdyh hqrxjk ghjuhhv ri iuhhgrp wr shuihfwo| pdwfk wkh krxvlqj glvwulexwlrq1 Krz0
hyhu/ zh zloo qg wkdw rxu fdoleudwlrq pdwfkhv uhdvrqdeo| zhoo wkh krxvlqj glvwulexwlrq dv
zhoo1
Zh wdnh wkh prgho shulrg wr eh 7 |hduv1 Zh vhw  ' > d vwdqgdug ydoxh lq wkh uhodwhg
olwhudwxuh1 Juhhqzrrg hw do1 +4<<8, kdyh hvwlpdwhg wkh vkduh ri exvlqhvv fdslwdo lq wkh
surgxfwlrq ixqfwlrq zkhq wrwdo fdslwdo vwrfn lv glvdjjuhjdwhg lqwr krxvlqj dqg exvlqhvv
fdslwdo1 Edvhg rq wkhlu hvwlpdwh zh vhw  ' f=2b1 Wkh ghsuhfldwlrq udwhv ri exvlqhvv fdslwdo
dqg krxvlqj duh vhw dw   ' f= dqg   ' f=fS1 Wkh Qdwlrqdo Lqfrph dqg Surgxfw Dffrxqwv
+QLSD, vxjjhvw d ghsuhfldwlrq udwh iru krxvlqj fdslwdo durxqg   ' f=fD= E| fkrrvlqj d
kljkhu ghsuhfldwlrq udwh/ zh zdqw wr wdnh pdlqwhqdqfh frvwv lqwr dffrxqw1
Uhvw ri wkh sdudphwhuv duh fkrvhq vr wkdw zlwk hpslulfdoo| sodxvleoh wd{ udwhv wkh prgho
pdwfkhv fhuwdlq djjuhjdwh udwlrv lq wkh gdwd1 Wkhuh duh ydulrxv hvwlpdwhv iru wkh hhfwlyh wd{
udwhv rq krxvlqj/ exvlqhvv fdslwdo/ dqg oderu lqfrph lq wkh XV1 Zh vhw wkh wd{ udwh rq oderu
lqfrph dw   ' f=e zklfk lv urxjko| wkh vxp ri dyhudjh hhfwlyh wd{ udwhv rq oderu lqfrph
dqg frqvxpswlrq lq wkh XV dv hvwlpdwhg e| Phqgr}d hw do1 +4<<7,1 Zh vhw wkh krxvlqj wd{
udwh dw   ' f=D= Wklv lv lq wkh xsshu hqg ri wkh udqjh ri hvwlpdwhv iru wkh hhfwlyh wd{ udwh
rq krxvlqj suhvhqwhg e| Ixoohuwrq +4<;:,1  Zh glg qrw zdqw wr dvvxph d pxfk orzhu wd{
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udwh rq krxvlqj ehfdxvh wkdw zrxog kdyh lpsolhg dq lpsodxvleo| kljk wd{ udwh rq exvlqhvv
fdslwdo lq rxu prgho1 Zh wkhq fkrrvh sdudphwhuv > > dqg W vr dv wr pdwfk wkh iroorzlqj
djjuhjdwh udwlrv1 4, Exvlqhvv fdslwdo0wr0krxvlqj udwlr N@K ' 1 5, Wrwdo fdslwdo0wr0wrwdo
rxwsxw udwlr ENnK@Ee\  ' =f/ zkhuh \ ' N « nuK1 6, Jryhuqphqw h{shqglwxuh0wr0wrwdo
rxwsxw udwlr W@\ ' f=2H1 7, Wudqvihuv0wr0wrwdo jryhuqphqw h{shqglwxuh udwlr Wu@W ' f==
Wkh uvw wzr ri wkhvh wdujhwv duh edvhg rq wkh QLSD1 Zh lqwhusuhw doo exvlqhvv fdslwdo lq
wkh prgho dv sulydwh qrq0uhvlghqwldo dvvhwv dqg krxvlqj fdslwdo dv sulydwh uhvlghqwldo dvvhwv1
Wkh wklug wdujhw lv iurp wkh RHFG Uhyhqxh Vwdwlvwlfv1 ¬ Wkh irxuwk wdujhw fruuhvsrqgv wr
fdofxodwlrqv lq Nuxvhoo dqg Uðrv0Uxoo +4<<<, derxw wkh vkduh ri wudqvihuv ri doo jryhuqphqw
h{shqglwxuhv1 Wkhvh wdujhwv lpso| wkh iroorzlqj sdudphwhu ydoxhv=  ' f=HbD/  ' f=bDDD/
J ' f=Dfb> dqg Wu ' f=f.De1 Wkh wd{ udwh rq exvlqhvv fdslwdo lv ghwhuplqhg dv d uhvlgxdo
iurp wkh jryhuqphqw exgjhw frqvwudlqw dqg lv  ­ ' f=effe1
Zh qrz frpsduh wkh glvwulexwlrq ri krxvlqj lq wkh prgho zlwk wkdw lq wkh gdwd1 Iru
wdeoh 6/ zh kdyh fdofxodwhg wkh dyhudjh dprxqw ri krxvlqj lq hdfk ri wkh 58 zhdowk0lqfrph
jurxsv1 Wkh wdeoh suhvhqwv wklv dyhudjh krxvlqj glylghg e| wkh dyhudjh krxvlqj dprqj doo
krphrzqhuv1 Iru lqvwdqfh/ jxuh 315< iru krxvhkrogv lq wkh uvw wrwdo zhdowk dqg wkh uvw
oderu lqfrph txlqwloh phdqv wkdw krxvhkrogv lq wkdw jurxs rzq/ rq dyhudjh/ 5<( ri wkh
dyhudjh dprxqw ri krxvlqj lq wkh gdwd1 Lq wkh prgho/ wkh fruuhvsrqglqj jxuh lv 63(1
Wdeoh 6 vkrzv wkdw rxu prgho urxjko| pdwfkhv wkh glvwulexwlrq ri krxvlqj lq wkh gdwd1
Erwk lq wkh gdwd dqg lq wkh prgho/ krxvhkrogv lq d jlyhq zhdowk txlqwloh rzq pruh krxvlqj
dv wkhlu oderu lqfrph lqfuhdvhv1 Lq wkh vdph pdqqhu/ lq dq| jlyhq oderu lqfrph txlqwloh/
zhdowklhu krxvhkrogv rzq pruh krxvlqj wkdq srruhu krxvhkrogv1 Wkh odujhvw glvfuhsdqf|
ehwzhhq wkh glvwulexwlrqv lq wkh gdwd dqg lq wkh prgho lv wkdw wkh zhdowklhvw orz lqfrph
krxvhkrogv rzq wrr olwwoh krxvlqj zkloh wkh srruhvw kljk lqfrph krxvhkrogv rzq wrr pxfk
krxvlqj lq wkh prgho1 Wklv pd| uh hfw dq lqfrph hhfw zlwk srru krxvhkrogv vshqglqj d
odujhu iudfwlrq ri wkhlu wrwdo h{shqglwxuh lq krxvlqj wkdq ulfkhu rqhv1 Krzhyhu/ zh eholhyh
wkhvh glhuhqfhv wr eh uhdvrqdeo| vpdoo/ hvshfldoo| jlyhq wkdw +dv wdeoh 4 vkrzv, wkh jurxsv
lq txhvwlrq duh wkh vpdoohvw lq rxu vdpsoh1
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Wdeoh 6= Glvwulexwlrq ri krxvlqj> gdwd +ohiw, dqg prgho +uljkw,1
Oderu lqfrph txlqwloh
Zhdowk txlqwloh 4 5 6 7 8
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Frpsdulvrq zlwk wkh ohiw0kdqg sduw ri wdeoh 5 vkrzv wkdw krxvlqj zhdowk lv pxfk pruh
hyhqo| glvwulexwhg wkdq wrwdo zhdowk1 Zlwkrxw d uhqwdo pdunhw frqvxpswlrq ri krxvlqj lv
wlhg wr rzqhuvkls1 Frqvxpswlrq ri krxvlqj lq wxuq lv uhodwhg wr wrwdo lqfrph1 Vlqfh oderu
lqfrph lv pruh hyhqo| glvwulexwhg wkdq wrwdo zhdowk/ frqvxpswlrq ri krxvlqj lv pruh hyhqo|
glvwulexwhg wkdq wrwdo zhdowk1
Wkh prgho glvwulexwlrq ri krxvlqj lv wkh vwhdg| vwdwh glvwulexwlrq jlyhq wkh hpslulfdo wd{
udwhv ghvfulehg deryh1 Wr wkh h{whqw wkdw wkh wd{ udwhv rq exvlqhvv fdslwdo dqg krxvlqj duh
glhuhqw lq wkh srolwlfr0hfrqrplf htxloleulxp/ wkh glvwulexwlrq ri krxvlqj lv dovr glhuhqw1
Krzhyhu/ lq doo srolwlfr0hfrqrplf htxloleuld frqvlghuhg lq wkh iroorzlqj vhfwlrq/ wkh glvwulex0
wlrq ri krxvlqj glhuv rqo| pdujlqdoo| iurp wklv glvwulexwlrq1
8 Uhvxowv
Lq wkh srolwlfr0hfrqrplf vwhdg| vwdwh htxloleulxp wkh wd{ udwh rq krxvlqj lv   ' f=f= Wklv
wd{ udwh rq krxvlqj lpsolhv d wd{ udwh rq exvlqhvv fdslwdo   ' f=eSf= Wklv lv rxu pdlq uhvxow=
frqvlvwhqwo| zlwk wkh dfwxdo XV wd{ v|vwhp/ dqg lq frqwudvw wr qrupdwlyh dqdo|vhv/ lq rxu
prgho hfrqrp| wkh htxloleulxp hhfwlyh wd{ udwh rq krxvlqj lv vxevwdqwldoo| orzhu wkdq wkh
wd{ udwh rq exvlqhvv fdslwdo1 Wkh phgldq yrwhu ehorqjv wr wkh wklug oderu lqfrph dqg wkh
wklug wrwdo zhdowk txlqwloh1 Lq wkh srolwlfr0hfrqrplf htxloleulxp/ klv wrwdo zhdowk lv 78( ri
wkh dyhudjh wrwdo zhdowk dqg klv krxvlqj zhdowk lv :8( ri wkh dyhudjh krxvlqj zhdowk1 Wkdw
lpsolhv d krxvlqj0wr0wrwdo zhdowk udwlr ri derxw 31;6 zkloh wkh djjuhjdwh udwlr lv 317;1
Dv rqh zrxog h{shfw/ krxvhkrogv kdyh yhu| glhuhqw srolf| suhihuhqfhv1 Lq wdeoh 7/ zh
vkrz wkh prvw suhihuuhg krxvlqj wd{ udwh iru hdfk krxvhkrog w|sh lq wkh srolwlfr0hfrqrplf
vwhdg| vwdwh htxloleulxp1 Iru wkh wdeoh/ zh frqvlghu krxvlqj wd{ udwhv ehwzhhq 3 dqg 41
Zhdowklhu krxvhkrogv suhihu d kljkhu krxvlqj wd{ udwh wkdq srru krxvhkrogv1 Lqghhg/ doo
krxvhkrogv lq wkh uvw wrwdo zhdowk txlqwloh zrxog suhihu }hur ru hyhq d qhjdwlyh wd{ udwh
rq krxvlqj/ zkloh doo krxvhkrogv lq wkh iwk txlqwloh zrxog suhihu d wd{ udwh htxdo wr ru
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deryh 41   Lq dgglwlrq wr wrwdo zhdowk/ oderu lqfrph dovr pdwwhuv1 Lq d jlyhq zhdowk txlqwloh/
krphrzqhuv zlwk kljkhu oderu lqfrph whqg wr suhihu d orzhu wd{ udwh rq krxvlqj1 Wklv lv
ehfdxvh wkh| frqvxph pruh krxvlqj wkdq krxvhkrogv zlwk orzhu oderu lqfrph1 Wklv glhuhqfh
lq srolf| suhihuhqfhv lv qrw h{sodlqhg e| kljkhu oderu lqfrph ehlqj dffrpsdqlhg e| kljkhu
wrwdo zhdowk1 Dv wdeoh 4 vkrzv/ lq wkh wklug dqg wkh irxuwk zhdowk txlqwlohv wkh wrwdo zhdowk
lv doprvw wkh vdph dfurvv glhuhqw oderu lqfrph txlqwlohv1
Wdeoh 7= Wkh prvw suhihuuhg krxvlqj wd{ udwhv1
Oderu lqfrph txlqwloh
Zhdowk txlqwloh 4 5 6 7 8
4     
5        
6                   
7              
8     
Lq rughu wr foduli| wkh uroh ri glvwulexwlrqdo lvvxhv/ zh uhfrqvlghu wkh prgho zlwk d vlqjoh
jurxs1 Vlqfh zhdowk dqg oderu lqfrph khwhurjhqhlw| grhv qrw dhfw djjuhjdwh yduldeohv lq
wklv prgho/ wkh fdoleudwlrq lv lq doo rwkhu uhvshfwv h{dfwo| wkh vdph dv deryh zlwk 58 glhuhqw
jurxsv1 Zkhq wkh krxvlqj wd{ udwh htxdov wkh hpslulfdo hvwlpdwh +  ' f=D,/ doo krxvhkrogv
wkhq kdyh krxvlqj0wr0exvlqhvv fdslwdo udwlr htxdo wr rqh/ zklfk zdv rqh ri rxu djjuhjdwh
wdujhwv lq wkh fdoleudwlrq1
Zh dovr frqvlghu glhuhqw ydoxhv iru wkh lqwhuwhpsrudo hodvwlflw| sdudphwhu/ / zklfk lv
wkh rqo| iuhh suhihuhqfh sdudphwhu zh kdyh1 Lq dgglwlrq wr  ' / xvhg lq wkh ehqfkpdun
fdoleudwlrq/ zh wu|  ' 2 dqg  ' e1 Iru erwk wkhvh ydoxhv/ zh uhfdoleudwh wkh prgho vhwwlqj
djdlq   ' f=D dqg pdwfklqj doo wkh suhylrxvo| glvfxvvhg wdujhwv1   Lq wdeoh 8/ zh suhvhqw
wkh htxloleulxp wd{ udwhv dv zhoo dv wkh pdlq djjuhjdwh udwlrv lq doo wkh irxu fdvhv frqvlghuhg1
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Wdeoh 8= Htxloleulxp wd{ udwhv iru glhuhqw prgho vshflfdwlrqv1
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Zlwk rqo| rqh jurxs/ wkh vwhdg| vwdwh htxloleulxp wd{ udwhv duh   ' f=ef dqg  ﬀ ' f=eH=
Zlwkrxw glvwulexwlrqdo lqfhqwlyhv/ wkh phgldq yrwhu lv ohvv zloolqj wr glvwruw exvlqhvv fdslwdo
dffxpxodwlrq1 Wklv uh hfwv wkh xvxdo h!flhqf| frvw ri lqwurgxflqj d wd{ zhgjh rq vdylqjv
lq vlplodu lqqlwh0krul}rq prghov1 Lq frqvhtxhqfh/ zlwkrxw wkh glvwulexwlrqdo frq lfw/ wkh
prgho hfrqrp| zrxog hqg xs zlwk d gudpdwlfdoo| kljkhu fdslwdo0wr0rxwsxw udwlr1 Fkdqjhv
lq wkh suhihuhqfh sdudphwhu  dhfw wkh htxloleulxp wd{ udwhv dv zhoo1 D kljkhu ydoxh ri 
phdqv d orzhu lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq1 Krxvhkrogv wkhq ehfrph ohvv zloolqj
wr orzhu wkh wd{ udwh rq exvlqhvv fdslwdo ehfdxvh iru wkh srru krxvhkrogv wkh ehqhwv zrxog
frph dw wkh frvw ri orzhu frqvxpswlrq gxulqj wkh uvw shulrgv ri wudqvlwlrq1 Frqvhtxhqwo|/
wkh wd{ udwh rq exvlqhvv fdslwdo lv kljkhu dqg wkh wd{ udwh rq krxvlqj lv orzhu1
9 Lqwurgxflqj uhqwhuv
Zlwk wkh fxuuhqw XV wd{ v|vwhp/ wkh pdlq wd{ ehqhw ri krxvlqj 0 wkh qrq0wd{dwlrq ri wkh
lpsxwhg uhqw 0 lv uhodwhg wr rzqhu krxvlqj vlqfh wkh uhqwdo lqfrph uhfhlyhg e| odqgorugv lv
vxemhfw wr fdslwdo lqfrph wd{dwlrq1 Dv d uhvxow/ uhqwhuv vkrxog kdyh yhu| glhuhqw srolf|
suhihuhqfhv wkdq krphrzqhuv1 Wkhuhiruh/ lq wklv vhfwlrq/ zh frqvlghu krz lqwurgxfwlrq ri
uhqwhuv dhfwv wkh frqfoxvlrqv ri wkh suhylrxv dqdo|vlv1
Zh gr qrw dwwhpsw wr hqgrjhql}h wkh whqxuh fkrlfh1 Zh vlpso| dvvxph wkdw vrph krxvh0
krogv uhqw wkhlu krxvlqj zkloh rwkhuv duh krphrzqhuv1 ﬁ ﬂ Zh dovr dvvxph wkdw uhqwdo lqfrph
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uhfhlyhg e| d odqgorug lv vxemhfw wr wkh vdph wd{ wuhdwphqw dv wkh uhwxuq iurp exvlqhvv fds0
lwdo1 Wklv slqv grzq wkh wd{ wuhdwphqw ri uhqwdo krxvlqj zlwk uhvshfw wr rzqhu krxvlqj dqg
exvlqhvv fdslwdo1 ] ^
Wkh sureohp ri krphrzqhuv uhpdlqv h{dfwo| wkh vdph1 Krzhyhu/ zh uhzulwh wkh krxvh0
krog*v sureohp vr wkdw lw dssolhv wr erwk uhqwhuv dqg krphrzqhuv1 Wkh sureohp ri d krxvhkrog
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zkhuh v ghqrwhv uhqwdo krxvlqj dqg u i` lv wkh uhqwdo udwh lq shulrg w1 Iru krphrzqhuv/ v ' f
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= +43,
Wkh jryhuqphqw exgjhw frqvwudlqw lv dv lq +:,1 Ghqlqj V l ' S mn o p p n v n
l
/ zh fdq zulwh wkh
djjuhjdwh uhvrxufh frqvwudlqw dv=
F l nN l  E  q N l r p n EK l n V l  E  s EK l r p n V l r p  nJ ' N t
l r
p +44,
Lq rughu wr xqghuvwdqg wkh wd{ vwdwxv ri wkh wzr glhuhqw w|shv ri krxvlqj lq wkh prgho/
ohw | ghqrwh cfdvk0rq0kdqg* wkdw frqvlvwv ri wkh qdqfldo dvvhw dqg krxvlqj wrjhwkhu zlwk qhw
lqwhuhvw dqg uhqwdo sd|phqwv dqg oderu lqfrph1 Frqvlghu d krxvhkrog zlwk fxuuhqw fdvk0rq0
kdqg | u zkr zlvkhv wr wudqvihu dq dprxqw | u v w ri fdvk0rq0kdqg wr wkh iroorzlqj shulrg1 Wkhq
wkh exgjhw frqvwudlqw fdq eh zulwwhq dv +iru qrwdwlrqdo frqyhqlhqfh/ zh gurs wlph lqglfhv
iurp wkh wd{ udwhv dqg sulfhv,=
f u n d u n k u ' | u +45,
dqg
| u v w ' d n E  x uod u n E  y %z  Eu n  z  v u n E  z   { | uk u 1 +46,
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Vroylqj wkh odwwhu htxdwlrq iru d dqg soxjjlqj lqwr wkh uvw rqh jlyhv
f  ' |   |     E   %zU 
u n   n u E      
U k ¡ 
u n  
U v ¡ +47,
zkhuh U '  n E    u1 Khqfh/ li   '    / wkh frvw ri uhqwdo krxvlqj +lq whupv ri fxuuhqw
frqvxpswlrq, lv wkh vdph dv wkh frvw ri rzqhu krxvlqj1 Li   ?    +  A    , wkh frvw ri
rzqhu krxvlqj lv orzhu +kljkhu, wkdq wkh frvw ri uhqwdo krxvlqj1
Wkh srolf| suhihuhqfhv ri uhqwhuv zrxog qrw glvsod| vxevwdqwldo yduldwlrq> doo uhqwhuv reyl0
rxvo| suhihu d kljk wd{ rq krxvlqj vlqfh wkdw vkliwv wkh wd{ exughq wrzdugv doo rwkhu krxvhkrogv
dqg lqfuhdvhv exvlqhvv fdslwdo dffxpxodwlrq1 Iru wklv uhdvrq/ zh frqvlghu doo uhqwhuv dv d vlq0
joh jurxs zkloh vruwlqj krphrzqhuv lq wkh vdph zd| dv suhylrxvo| lqwr 58 zhdowk0lqfrph
jurxsv1 Dv ehiruh/ zh frqvlghu krxvhkrogv ri djh 680881 Wkhuh duh qrz 6749 krxvhkrogv lq
wkh vdpsoh/ wkh uhqwhuv frqvwlwxwlqj 5<( ri wkh wrwdo srsxodwlrq +zkhq idplo| zhljkwv duh
wdnhq lqwr dffrxqw,1
Wkh dyhudjh wrwdo zhdowk dqg oderu lqfrph lq rxu vdpsoh idoo zlwk wkh lqwurgxfwlrq ri
uhqwhuv1 Wkhuhiruh/ krphrzqhuv duh qrz rq dyhudjh zhdowklhu dqg kdyh d kljkhu oderu lqfrph
lq uhodwlrq wr wkh wrwdo srsxodwlrq1 Pruh vshflfdoo|/ zkloh wkh dyhudjh wrwdo zhdowk lq rxu
vdpsoh zlwkrxw uhqwhuv lv 63;4:3 grooduv/ lw lv 564953 grooduv zlwk uhqwhuv1 Wkhuhiruh/ lq rughu
wr rewdlq d wdeoh fruuhvsrqglqj wr wkh ohiw0kdqg sduw ri wdeoh 5/ hdfk jxuh iru wkh 58 jurxsv
ri krphrzqhuv vkrxog eh pxowlsolhg e| fH.f@2S2f * =1 Wkh dyhudjh wrwdo zhdowk
dprqj uhqwhuv lv 6;5;3 grooduv/ zklfk lv derxw 4:( ri wkh dyhudjh wrwdo zhdowk1 Wkh dyhudjh
oderu lqfrph lq wxuq idoov iurp :7753 wr 96;53 grooduv zkhq uhqwhuv duh lqfoxghg1 Wkh jxuhv
lq wkh uljkw0kdqg sduw ri wdeoh 5 vkrxog wkhuhiruh eh pxowlsolhg e| derxw =S1 Wkh dyhudjh
oderu lqfrph dprqj uhqwhuv lv 6:3:3 grooduv/ dqg frqvhtxhqwo| wkhlu oderu lqfrph lv derxw
8;( ri wkh dyhudjh oderu lqfrph1
Zh fdoleudwh wkh prgho dv lq wkh suhylrxv fdvh zlwk rqo| krphrzqhuv1 Djdlq zh vwduw e|
{lqj wkh wd{ udwh rq oderu lqfrph dw  ¢ ' f=e dqg wkh krxvlqj wd{ udwh dw  £ ' f=D= Zh
wkhq fkrrvh wkh uhpdlqlqj sdudphwhuv vr dv wr pdwfk wkh vdph djjuhjdwh udwlrv dv lq vhfwlrq
71 Wklv surfhgxuh lpsolhv qrz sdudphwhu ydoxhv  ' f=He/  ' f=bebD/ J ' f=e.D> dqg
Wu ' f=f..1 Wkh wd{ udwh rq exvlqhvv fdslwdo lv  ¤ ' f=fH1
Wkh htxloleulxp wd{ udwhv duh qrz  £ ' f=f2 dqg  ¤ ' f=eS= Wkh fruuhvsrqglqj djjuhjdwh
udwlrv duh N@EKnV ' f=H./ ENnKnV@Ee\  ' 2=.He/ dqg W@\ ' f=2He1 Wkh wd{ udwh rq
krxvlqj lv wkxv orzhu wkdq zlwk rqo| krphrzqhuv zkloh wkh wd{ rq fdslwdo lqfrph lv doprvw
wkh vdph1 Wkh phgldq yrwhu lv qrz lq wkh wklug zhdowk txlqwloh dqg wkh uvw oderu lqfrph
txlqwloh1 Lq wkh srolwlfr0hfrqrplf htxloleulxp/ wkh dyhudjh krxvlqj0wr0wrwdo zhdowk udwlr lv
317:1 Wkh phgldq yrwhu kdv 8:( ri wkh dyhudjh wrwdo zhdowk dqg 84( ri wkh dyhudjh krxvlqj1
Khqfh/ klv krxvlqj0wr0wrwdo zhdowk udwlr lv 31781
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Wdeoh 9 suhvhqwv wkh srolf| suhihuhqfhv ri wkh krxvhkrogv lq wkh vwhdg| vwdwh srolwlfr0
hfrqrplf htxloleulxp1 Djdlq/ zhdowk| krxvhkrogv suhihu d kljk wd{ udwh rq krxvlqj1 Lq
dgglwlrq/ krphrzqhuv lq wkh wklug dqg irxuwk zhdowk txlqwlohv suhihu d orzhu wd{ udwh rq
krxvlqj zkhq wkhlu lqfrph lqfuhdvhv1 Lq idfw/ krxvhkrogv zlwk kljk oderu lqfrph lq wkh
irxuwk zhdowk txlqwloh suhihu d orzhu wd{ udwh rq krxvlqj wkdq orz lqfrph krxvhkrogv lq wkh
wklug zhdowk txlqwloh1 Uhqwhuv/ zkr duh uhodwlyho| srru lq whupv ri wrwdo zhdowk/ kdyh vlplodu
srolf| suhihuhqfhv dv wkh yhu| ulfkhvw krphrzqhuv1
Wdeoh 9= Wkh prvw suhihuuhg krxvlqj wd{ udwhv1
Krphrzqhuv Oderu lqfrph txlqwloh
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Uhqwhuv ¨
Lqwurgxflqj uhqwhuv dhfwv wkh yrwlqj rxwfrph lq wzr zd|v1 Iluvw/ sduw ri wkh krxvlqj vwrfn
lv qrz hhfwlyho| wd{hg e| wkh vdph wd{ udwh dv exvlqhvv fdslwdo1 Wklv lv zk| wkh htxloleulxp
wd{ rq exvlqhvv fdslwdo lv doprvw wkh vdph dv zlwkrxw uhqwhuv hyhq wkrxjk wkh wd{ udwh rq
krxvlqj lv vrphzkdw orzhu1 E| yrwlqj iru d orz krxvlqj wd{ udwh/ srru krphrzqhuv vkliw wkh
wd{ exughq qrw rqo| wrzdugv wkh ulfkhvw krxvhkrogv exw dovr wrzdugv uhqwhuv1 Vhfrqg/ wkh
lghqwlw| ri wkh phgldq yrwhu fkdqjhv ehfdxvh doo uhqwhuv suhihu d yhu| kljk krxvlqj wd{ udwh1
: Frqfoxvlrqv
Zh kdyh dqdo|}hg wkh srolwlfdo hfrqrp| ri krxvlqj*v wd{ vwdwxv1 Dv lv zhoo nqrzq/ wd{ v|vwhpv
lq prvw RHFG hfrqrplhv vwurqjo| idyru lqyhvwlqj lq rzqhu krxvlqj lqvwhdg ri qdqfldo dvvhwv1
Wklv lv olnho| wr eh uhodwhg wr krz krxvlqj dqg qrq0krxvlqj zhdowk duh glvwulexwhg dprqj
krxvhkrogv1 Dw ohdvw lq wkh XV gdwd 0 dqg zh vxvshfw wkh vdph wr eh wuxh iru rwkhu hfrqrplhv
dv zhoo 0 krxvlqj zhdowk lv glvwulexwhg pxfk pruh hyhqo| wkdq wrwdo zhdowk1 Wkhuhiruh/ wkh
phgldq yrwhu kdv d yhu| odujh vkduh ri klv ryhudoo zhdowk lq wkh irup ri krxvlqj1 Wkh nh|
wudgh0r kh idfhv lv wkdw d orz wd{ udwh rq krxvlqj 4, vkliwv wkh wd{ exughq wr zhdowklhu
krxvhkrogv exw 5, ohdgv wr d kljk wd{ udwh rq exvlqhvv fdslwdo dqg khqfh orz zdjhv dqg
kljk lqwhuhvw udwhv1 Lq rxu fdoleudwhg prgho hfrqrp|/ wkh uvw hhfw grplqdwhv/ dqg wkh
4:
htxloleulxp wd{ udwh rq krxvlqj lv pxfk orzhu wkdq wkh wd{ udwh rq exvlqhvv fdslwdo1 Dgglqj
uhqwhuv grhv qrw fkdqjh wkh ryhudoo slfwxuh1 D orz wd{ rq krxvlqj wkhq vkliwv wkh wd{ exughq
wrzdugv uhqwhuv dv zhoo dv wkh zhdowklhvw krxvhkrogv rzqlqj prvw ri wkh qrq0krxvlqj zhdowk1
Shukdsv wkh prvw lqwhuhvwlqj h{whqvlrq lq ixwxuh zrun zrxog eh wr wdnh olih f|foh dvshfwv
lqwr dffrxqw1 Djh pljkw eh dq lpsruwdqw ghwhuplqdqw ri srolf| suhihuhqfhv lq lwvhoi1 Lq
dgglwlrq/ d olih f|foh prgho zrxog doorz wr prgho wkh whqxuh fkrlfh edvhg rq eruurzlqj
frqvwudlqwv1 Zh fkrvh wr xvh d vlpsohu lqqlwh0krul}rq iudphzrun ehfdxvh lw pdnhv lw hdv|
wr irfxv rq wkh hhfw ri wkh dv|pphwulf glvwulexwlrq ri krxvlqj dqg qrq0krxvlqj zhdowk1
Zh eholhyh wkdw wklv glvwulexwlrqdo dvshfw zrxog eh lpsruwdqw iru wkh srolwlfdo hfrqrp| ri
krxvlqj wd{dwlrq dovr lq rwkhuzlvh pruh hoderudwh prghov1
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